where p(t) has period 2TT/X, and I p(t)dt is bounded for all t, f(x)>l for \x\ >a, and g(x)/x> 1 for |x| >a.
For some years Professor J. E. Littlewood and I have been working on nonlinear differential equations 2 of a type which occur in radio work and elsewhere. One of the most interesting of these equations is
especially for k large and 0<6<2/3. Our attention was drawn to it by a remark of van der Pol suggested that it corresponded to a physical system investigated by him and van der Mark.
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For certain values of the parameters the physical system had two possible stable oscillations, one of period 4:7iir/\ and one of period (2n + l)27r/X. As a matter of fact in the case of (1), owing to the strictly symmetrical nonlinear function 1-x 2 , the period Amr/X does not occur, but for certain values of b there are two stable oscillations of periods (2n ±-1)2TT/X.
It would take too long to give a complete proof of this statement here, but I propose to show how the approximate form of the solutions may be obtained from certain very general results, and give the proof of the general results in detail. The proof of the general statement depends on the type of method which we use throughout. It can be applied with minor modifications to any equation of the form
where p(t) has period 2TT/X, and I p(t)dt is bounded Jo \x\>a, l for all t, f(x)>l for |z|>a, and g(x)/x>l for \ \ , provided of course that /, g, p satisfy the usual conditions required for the existence and uniqueness of solutions, and are either independent of k or satisfy certain simple inequalities independent of k. We assume throughout that k>l, and usually that it is large. We first observe that the a in (1) is merely inserted for convenience. It enables us to choose the origin of t as we wish. We shall write x 01 x 0 for the values of x and x at t=0.
There are two main weapons of attack besides the equation (1) itself. The first is the integrated equation
the second is the energy equation which is obtained by multiplying (1) by 2x and integrating,
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In some ways the integrated equation is more fundamental than (1), and that is why the X is inserted on the righthand side of (1). The energy equation may be rewritten with x=y, x o =y o in the form
The righthand side of (4') will be dominated by the term x 2 x 2 when x is large unless x is then very small, and it seems improbable that x can be small for most of the time that x is large. This suggests that x 2 +y 2 decreases rapidly over any arc for which x is large, and therefore that x is bounded for sufficiently large t. The general result which I propose to prove later is the following: 
where B is a constant independent of k and t, for k>l, t>t o (x o ,x o ).
Assuming for the moment the result of theorem 1, we may argue as follows: eq 3 can be rearranged in the form -~jrf t xdt,
where C is a constant depending on x o ,x o ,b and a, and in virtue of (5) Both these possibilities may occur for arbitrarily large values of t, and also of course there are transitions from one to the other. For fixed t and b and C such that (-2/3)<6 sin (Xf+a) + <7<2/3, eq 6 has three roots, Hence if \x\ <J5, the solution is given approximately by X s (t } &) over the next period. The difference C f -C is actually of the same order as x/k, which occurs in the error term in (3'), but it can be shown that in the circumstances considered x is of the form x a (UG) + 0(ky >). Putting this and x=X 9 (t,C) +O(k~l) in (3'), and remembering that X s and x s are periodic, we see than the nonperiodic error is FIGURE 1. and so the second wave will certainly be lower than the first in the case of X z by an amount of order 1/k, and the solution will perform descending waves as shown in figure 3 . The second wave will be higher than the first in the case of Xi, and higher or lower for X 2 , unless
(so that C' -C approximately). This can only occur for (?=0, and then we have a solution with period 2TT/X approximately. There is in fact a strictly periodic solution with period 2TT/X which is, for reasons which we shall give presently, unstable.
Returning to the case in which \x\ is comparable with k in magnitude, we suppose first that #>5fc, where 5>0 for a time of length D/k. Then x changes by at least D8, and this is excluded by (5) if D8 >2JB. Similarly x is not less than -8k for an interval of time greater than D/k, for if it is x runs outside the strip \x\<CB.
As regards the transitions, if |1-# 2 |>S>0 and \x is large, the second term in (1) is much more important than x or 6 k\ cos(\t+a), and so x has the same sign as x in |x|<l -8 and the opposite if |E|>1 + 5, (provided that \x\ is large and k is large). Hence any small but significant deviation from X x or Xz is at once corrected, whereas a small but signicant deviation from X 2 causes \x\ to increase rapidly. In the latter case \x\ cannot decrease again until x approaches either the X x or X z curve which corresponds.
Finally near x=±l the term bk\ cos (XZ+a) dominates except when \t+a is near rnr+1/2w. The dips of X 3 towards x=l and crests of X x toward x= -l do in fact occur in these intervals, and a complete theory of the behavior of solutions near these points is very complicated. However, in spite of that we can now form a fairly good general picture of the behavior of solutions. They settle above x=l into a long descent in waves of the form x=X z (t,C) approximately, dipping a little lower each time until they reach the neighborhood of x=l. There they have three alternatives: (1) another wave x=X s just above x=l, (2) an unstable wave x=X 2 just below x=l, or (3) a rush down to the corresponding Xi which, as may be seen from figure 1, is near x=-2. The stable oscillations naturally follow the first or third alternative, and have period (2W+1)2TT/\ or (2n-l)2w/\ according as they have n+1/2 or Ti-1/2 waves above x=l.
Separating them there are many types of unstable motion following an X 2 curve which begins and ends ona;=l for part or the whole of the way (or a similar X 2 curve after a long ascent near x= -l). From an X 2 curve they may pull up sharply to X\ or rush down to X 3 at any stage. All types starting near x=l finally plunge down to the X x curve, and perform a corresponding long ascent to x= -l, the whole phenomenon for #<0 corresponding to that for x>0. All this can be rigorously established, and moreover the relative positions of solutions approximating to Xz(t y Ci) and X z (t,C 2 ) remain the same throughout a long descent unless d and C 2 differ by something which is extremely small for large k, such as e~k .
We now return to the proof of theorem 1. The preceding analysis depended to a large extent on the fact that 1-x 2 changes sign twice; in the work which follows the significant point is that the coefficient of x is positive for large x and that the function g(x) in (2) has the sign of x. Physicists may consider it intuitive that a system with a restoring force and positive damping for large x should have bounded solutions, and I hope to show that this is also intuitive by mathematical commonsense. Incidentally the lemmas give a good deal of other information about the solutions. I shall as usual refer to t as the time, and say that t x is before or after t 2 according as t x <Ct 2 or t{^>t 2 . The constants B are independent of k and t y and are not necessarily the same in each place unless a suffix is attached, and, as we said earlier k^>l.
We first ensure that all solutions eventually come fairly near x=0. The lefthand side tends to oo, and so z->-<», but this implies that x->-°°, which contradicts x>3*.
Hence x<S Vz for arbitrarily large t, and similarly x> -3 H for some large t.
